Introduction
All groups considered in this paper are finite. The notation and terminology used in this paper are standard, as in [9, 19-20 or 28] .
In 1964-1969 [29] [30] [31] , Robinson investigated the structure of the solvable T-groups (i.e., solvable groups for which normality is a transitive relation) and the minimal non-T-groups (i.e., non-T-groups all of whose proper subgroups are T-groups).
In 2000 [6] , Bianchi, Mauri, Herzog and Verardi introduced the following concept: Definition 1.1. A subgroup H of the finite group G is said to be an H-subgroup of G if N G ðHÞ V H g c H for all g A G.
This definition also appears in [1-4, 6, 8, 18, 27] , the papers of Asaad, Csö rgo, Herzog, Ballester-Bolinches, Esteban-Romero and Ramadan respectively. They characterize the solvable T-group by H-subgroups. Theorem 1.1 ([6] ). Let G be a group. The following statements are equivalent:
(i) G is a solvable T-group;
(ii) Every subgroup of G is an H-subgroup of G;
(iii) For all p A pðGÞ, the p-subgroups of G are H-subgroups of G.
Another important concept (Definition 1.2 below) was introduced by Goldschmidt [13] [14] [15] . Definition 1.2. A subgroup A of S is said to be strongly closed in S with respect to G if for every a A A, every element of S that is fused in G to a lies in A; in other words, a G V S c A, where a G denotes the G-conjugacy class of a. In particular, when A is a subgroup of prime power order and S is a Sylow subgroup containing it, A is simply said to be a strongly closed subgroup.
Notice that if H is a subgroup of G of prime-power order, then H is an H-subgroup if and only if H is a strongly closed subgroup.
In [10] , Flores and Foote investigated this concept. For a finite group G and a subgroup S, we say two elements of S are fused in G if they are conjugate in G but not necessarily in S. This concept plays a central role in group theory and representation theory, particularly in the case when S is a Sylow p-subgroup of G for p a prime. Obversely, if A is a p-subgroup, then A is strongly closed in a Sylow p-subgroup if and only if it is strongly closed in N G ðAÞ, so the notion of strong closure for a p-subgroup does not depend on the Sylow subgroup containing it. For a p-group A we therefore simply say A is strongly closed. Seminal works in the theory of strongly closed 2-subgroups are the celebrated Glauberman Z Ã -Theorem [15] , and Goldschmidt's Theorem on strongly closed abelian 2-subgroups [14] . The Z Ã -Theorem proved that if A is strongly closed and of order 2, then A c ZðGÞ, where G ¼ G=O 2 0 ðGÞ. Goldschmidt extended this by showing that if A is a strongly closed abelian 2-subgroup, then A G is a central product of an abelian 2-group and quasi-simple groups that either have a BN-pair of rank 1 or have abelian Sylow 2-subgroups. These two theorems, in particular, played fundamental roles in the study of finite groups, especially in the Classification of the Finite Simple Groups. At the same time, Goldschmidt, Flores and Foote classified the structure of finite groups with a strongly closed subgroup of prime power order.
On the other hand, a group is called a PN-group if its minimal subgroups are normal. This concept has been generalized by many authors (Asaad, 1988 , Buckley, 1970 , Li, 1998 , Sastry, 1980 , (see [1-3, 6-7, 24, 32] ). Moreover, in 1962 and 1964, Janko and Berkovič [5, 21] investigated the finite groups all of whose second maximal subgroups are nilpotent.
In the light of papers [11] [12] 18] , by solvability of groups of odd order, we only consider subgroups of even order in this paper.
For the convenience, we give the following: In Sections 3 and 4, we study other generalizations of PN-groups and give the structure of the minimal non-PH-groups, the structure of finite groups whose maximal subgroups of even order are PH-groups or second maximal subgroups are PH Ã -group. We find that the structure of the minimal non-T-groups is the same as that of the minimal non-PH-groups.
In 1980, Srinivasan established an interesting theorem on supersolvable groups. For convenience, let MðGÞ denote the family of all maximal subgroups of all Sylow subgroups of G. Srinivasan proved that a finite group G is supersolvable if every member of MðGÞ is S-quasinormal in G. This led to a famous topic in group theory, which was to study the influence of the members of MðGÞ on the structure of G. This topic has been investigated by many authors.
In [26, 33] , Li, Shen and Shi considered a subset M d ðPÞ of MðPÞ for a given Sylow p-subgroup P of G defined in the following way: Definition 1.5. Let d be the smallest number of generators of a p-group P and M d ðPÞ ¼ fP 1 ; . . . ; P d g be a set of maximal subgroups of P such that 7 d i¼1 P i ¼ FðPÞ.
Such a subset M d ðPÞ is not unique for a fixed P in general. We know that
In Section 5, we study the influence of the members of some fixed M d ðG p Þ on the structure of group G.
In addition, pðGÞ denotes the set of primes dividing jGj; Z n denotes the cyclic group of order n; Q 8 denotes the quaternion group of order 8; ½HK means a split extension of a normal subgroup H by a complement subgroup K; G p denotes Sylow p-subgroup of G for p A pðGÞ; A n denotes the alternating group of degree n. 
(ii) PSLð2; qÞ, where q is odd with q > 3 and q 1 3 or 5 ðmod 8Þ;
(iii) SLð2; qÞ, where q is odd with q > 3 and q 1 3 or 5 ðmod 8Þ.
Lemma 2.6. Let G be a non-nilpotent dihedral group of order 2n or 4n, where n is odd. Then G is a PH Ã -group.
Lemma 2.7. Let G be a PH-group and X be a cyclic subgroup of prime order or order 4 of G. Then the following statements are true:
where p is the smallest prime divisor of jGj, then X normalizes a p-complement of G;
(ii) If jX j ¼ q, where q is the largest prime divisor of jGj, then X t G.
Proof. By Lemma 2.1 and [24, Theorem 1.1]. r Lemma 2.8 (Sastry, 1980) . Let G be a minimal non-PN-p-group. Then one of the following statements is true:
(i) G is a dihedral group of order 8;
i, where p is an odd prime; Proof. Let x be an element of order p of ZðGÞ and Y ¼ h yi be a subgroup of order p of G. By our assumptions, Y is normal in G. For all a A G, ðxyÞ a ¼ x a y a ¼ xy a . On the other hand, hxyi is also a subgroup of order p, and so normal in G by our assumptions. Thus ðxyÞ a ¼ ðxyÞ
. As x is of order p, we have i 1 1 ðmod pÞ. Moreover, y is also of order p, we conclude that y a ¼ y. Hence, y A ZðGÞ. The proof is complete. r
Lemma 2.11 ([19]).
If P is a Sylow p-subgroup of a group G and N t G such that P V N c FðPÞ, then N is p-nilpotent.
Lemma 2.12. Let P be a Sylow p-subgroup of a group G. Then the following two statements are equivalent:
(ii) N G ðPÞ is p-nilpotent and G 0 is p-nilpotent.
Proof. We only need prove that (ii) implies (i). Suppose that this is false and let
By our assumptions, G=N is p-nilpotent and hence G is p-nilpotent, a contradiction. r Lemma 2.13. Let P be a normal abelian p-subgroup of a group G with p a prime and let a be a p 0 -element. Assume that there exists a natural number r, r 2 0 ðmod pÞ such that x a ¼ x r , for x A W 1 ðPÞ. Then there exists a natural number t, such that x a ¼ x t , for x A P.
Proof. Denote p by x p ¼ x r , where x A P, p A AutðPÞ. Since a A AutðPÞ, a À1 p centralizes W 1 ðPÞ. By [16] , there exists a natural number m such that ða À1 pÞ
Lemma 2.14. Assume G is a solvable group of even order with a maximal subgroup M of odd order. Then the following hold:
(ii) If G ¼ G=O 2 0 ðGÞ, then a Sylow 2-subgroup E of G is elementary abelian, E t G and G acts irreducibly on E (and acts trivially when 
Proof. Let x A G and x 4 ¼ 1. Then there exists P A Syl 2 ðGÞ such that hxi c P c N G ðPÞ: 
and hxi is contained in a second maximal subgroup of G. By our assumptions, hxi is an H-subgroup of G. Since hxi is a arbitrary element of G, we have that G is a PH Ã -group. Theorem 3.1 implies that G is 2-nilpotent. r Theorem 3.3. For a group G, if every maximal subgroup of G is a PH Ã -group, then one of the following results holds:
(ii) G ¼ ½G 2 G p is a minimal non-nilpotent group, where G 2 is an elementary abelian 2-group and G p is a cyclic group; moreover,
n is a minimal non-nilpotent group, where Q 8 is a quaternion of order 8 and Z 3 n is a cyclic 3-group.
Proof. Assume that G is not 2-nilpotent. By Theorem 3.1 and our assumptions, every proper subgroup of G is 2-nilpotent. Therefore G is a minimal non-nilpotent group and 
Proof. Let M be a maximal subgroup of G. Then all maximal subgroups of M are PH Ã -groups by our assumptions. It follows from Theorem 3.3 that M is solvable. Hence all proper subgroups of G are solvable. Applying Thompson's theorem [34] , G is isomorphic to one of the following five kinds of simple groups:
(1) PSLð3; 3Þ; We claim:
(1) G Z PSLð3; 3Þ.
To prove this, suppose that G G PSLð3; 3Þ. Let x A ZðG 2 Þ and oðxÞ ¼ 2. By [20, Lemma 5.1], C G ðhxiÞ G GLð2; 3Þ. Since SLð2; 3Þ is a proper subgroup of GLð2; 3Þ, by our assumptions, SLð2; 3Þ is a PH Ã -group. However, SLð2; 3Þ is not 2-nilpotent, giving a contradiction.
(2a) G Z PSLð2; 2 f Þ, where 2 f À 1 is not a prime.
In fact, if G G PSLð2; 2 f Þ, where 2 f À 1 is not a prime, then G possesses a Frobenius group N and a normalizer of Sylow 2-subgroup and N ¼ ½G 2 C is also a minimal non-abelian group, where G 2 is an elementary abelian group and C is a cyclic group of order ð2 f À 1Þ. Since ð2 f À 1Þ is not a prime, it follows that hciG 2 < N, where hci < C. So hciG 2 is contained in a second maximal subgroup. By our assumptions, hciG 2 is a PH Ã -group. However, hciG 2 is not 2-nilpotent, giving a contradiction.
(2b) G G PSLð2; 2 f Þ satisfies our assumptions, where 2 f À 1 is a prime. (c) Frobenius group N and a normalizer of Sylow 2-group and N ¼ ½PC is also a minimal non-abelian group, where P is an elementary abelian group and C is a cyclic group of order ð p À 1Þ=2.
By Lemma 2.6, all maximal subgroups of type (a) are PH Ã -groups. Clearly, all maximal subgroups isomorphic to A 4 are PH Ã -groups and all maximal subgroups of type (c) are abelian. So they satisfy our assumptions. This proves (ii) and (iii). f and C is a cyclic complement of order 2 f À 1. Therefore ZðPÞC < N < G. By our assumptions, ZðPÞC is a PH Ã -group. However, ZðPÞC is not 2-nilpotent. This is a contradiction. r Theorem 3.5. Let G be a finite group and all of whose second maximal subgroups are PH Ã -groups. Then G is either a solvable group or one of the following groups: Proof. Suppose that G is a non-solvable group. Let M be a maximal subgroup of G. Then all maximal subgroups of M are PH Ã -groups by our assumptions. It follows from Theorem 3.3 that M is either 2-nilpotent or minimal non-2-nilpotent. Hence all proper subgroups of G are either 2-nilpotent or minimal non-2-nilpotent. Applying Lemma 2.5, G is isomorphic to one of the following three types of groups: 
4, we have (i), (ii) and (iii).
On the other hand, since SLð2; pÞ has a unique involution, by Lemma 2.2(ii), we have (iv) and (v). r
PH-groups
In [8] , Piroska Csö rgo and Marcel Herzog established the following: Next, we describe the structure of the minimal non-PH-groups (i.e., non-PH-groups all of whose proper subgroups are PH-groups). Proof. By Theorem 4.1, every proper subgroup of G is a supersolvable group. By [28, Theorem 10.3.4] , G is solvable.
Assume that pðGÞ ¼ fp 1 ; p 2 ; . . . ; p r g, p 1 < p 2 < Á Á Á < p r and r d 3. Since G is solvable, G possesses a Sylow system fP 1 ; P 2 ; . . . ; P r g, where P i A Syl p i ðGÞ, i A f1; 2; . . . ; rg. Since G is not an PH-group by our assumptions, G has at least one cyclic subgroup X of prime order or order 4 such that X is not an H-subgroup of G. Suppose that X c P r . For each i A f1; 2; . . . ; r À 1g, P i P r is a proper subgroup of G Finite groups with H-subgroups or strongly closed subgroupsand it follows by our assumptions that P i P r is a PH-group. Therefore X is normal in P i P r and hence normal in G by Lemma 2.7(ii), a contradiction.
Therefore we may assume X c P k , for a fixed k A f1; 2; . . . ; r À 1g. Suppose that k > 1. Consider the subgroups A ¼ Q k i¼1 P i and B ¼ Q r i¼k P i . We have G ¼ AB with X c B < G. Obviously, A and B are proper subgroups of G and hence are PHgroups by our assumptions. Thus X is an H-subgroup of B and A normalizes X by Lemma 2.7 (ii). Consequently, Lemma 2.3 implies that X is an H-subgroup of G. This is a contradiction.
Thus X c P 1 . Obviously, for each i A f2; . . . ; rg, P 1 P i is a proper subgroup of G and so P 1 P i is a PH-group by our assumptions. By Lemma 2.7(ii), X normalizes P i , i A f2; . . . ; rg. If X ¼ P 1 , then X is a Sylow p 1 -subgroup of G and so X is an H-subgroup of G. This is a contradiction. If X < P 1 , then D ¼ X Q r i¼2 P i is a proper subgroup of G and G ¼ P 1 D. By our assumptions, D is a PH-group and so X is an H-subgroup of D. On the other hand, P 1 is a proper subgroup of G and so is a PH-group by our assumptions. Consequently, by Lemma 2.1, P 1 normalizes X and (ii) G is a minimal non-T-group.
Proof. Firstly, we prove that (i) implies (ii). Assume that G is a minimal non-PH-group. By Theorem 4.1, every proper subgroup of G is a supersolvable group and so G is a Sylow tower group or a minimal non-nilpotent group. Let G ¼ ½PQ, P A Syl p ðGÞ, Q A Syl q ðGÞ, where p, q are primes. We claim that Q is cyclic. If not, set x A Q. Then hxiP is a PH-group. By Lemma 2.1, all subgroups of P of prime order or cyclic of order 4 (when p ¼ 2) are normal in hxiP and so are normal in G by the arbitrary nature of x. On the other hand, since G=P G Q is a PH-group, by Lemma 2.2, all subgroups of Q of prime order or cyclic of order 4 (when p ¼ 2) are H-subgroups of G. Hence G is a PH-group, a contradiction. Thus Q is cyclic.
Case 1). Assume p > 2. If W 1 ðPÞ < P, then W 1 ðPÞQ is a PH-group and so Q normalizes all subgroups of W 1 ðPÞ of prime order by Lemma 2.1. Since P is a PH-group, by Lemma 2.1, W 1 ðPÞ c ZðPÞ. Hence every subgroup of G of order p is normal. On the other hand, Q is a cyclic group. Thus G is a PH-group, a contradiction. So W 1 ðPÞ ¼ P is an elementary group. Let H be a proper subgroup of G. Then H ¼ P 1 Q 1 , where P 1 is a normal elementary p-subgroup of H and Q 1 is a cyclic q-subgroup of H. By our assumptions, H is a PH-group and every subgroup of H of order p is normal. Moreover, Q 1 is cyclic. Therefore, every subgroup of H of prime power order is an H-subgroup of H. Hence H is a T-group by Theorem 1.1. Since G is also not PH-group, by Theorem 1.1, G is not a T-group. Thus G is a minimal non-T-group.
Case 2). Assume p ¼ 2. By our assumptions, G is a Sylow tower group or a minimal non-nilpotent group. Since p ¼ 2, G is only a minimal non-nilpotent group and expðPÞ ¼ 2 or 4. If expðPÞ ¼ 2, then P ¼ W 1 ðPÞ and every subgroup X of P with jX j ¼ p is normal in P by our assumptions and Lemma 2.1. Hence P is an elementary abelian group. By Case 1), we have that G is a minimal non-T-group. If expðPÞ ¼ 4, then G is a Hamiltonian group. Let H be a proper subgroup of G. Then H ¼ P 2 Q 2 , where P 2 is a Hamiltonian group and Q 2 is a cyclic subgroup. By our assumptions, H is a nilpotent group and so H ¼ P 2 Â Q 2 . Hence H is a Hamiltonian group, of course, is a T-groups. Thus G is a minimal non-T-group.
Next, we prove that (ii) implies (i). Assume that G is a minimal non-T-group. By Theorem 1.1, all proper subgroups of G are PH-groups. Therefore, we only need to prove G is not a PH-group. If not, then G is a supersolvable group. Let G ¼ ½PQ, P A Syl p ðGÞ, Q A Syl q ðGÞ, where p, q are primes and p > q. By our assumptions, P is a T-group and so all subgroups of P are normal in P. Hence P is an abelian group. Since W 1 ðPÞQ is a PH-group, by Lemma 2.13, all p-subgroups of G are normal in G. Moreover, since G=P G Q is a T-group, by Theorem 1.1 and Lemma 2.2, all q-subgroups of G are H-subgroups. Hence G is a T-group by Theorem 1.1, a contradiction. Therefore, G is a minimal non-PH-group. r Remark 4.5. The structure of minimal non-T-groups has been investigated by Robinson, see [31] . Theorem 4.6. If G is a non-PH-group of even order, all of whose proper subgroups of even order are PH-groups, then G is solvable.
Proof. Suppose that G is non-solvable. Then G cannot be a minimal non-PH-group by Theorem 4.2. Thus there exists a maximal subgroup M of odd order and M is a non-PH-group. Hence 2 B pðFðGÞÞ, where FðGÞ is the Frattini subgroup of G. By the Feit-Thompson theorem on the solvability of a group of odd order, M is solvable. It follows that all proper subgroups of G are solvable and hence G=FðGÞ is a minimal simple group.
We will complete the proof in four steps:
(i) FðGÞ ¼ ZðGÞ.
Choose M to be a maximal subgroup of G containing a Sylow 2-subgroup of G. Then FðGÞ c M and hM; M g : g A Gi ¼ G. Let P A Syl p ðFðGÞÞ, where p is a prime dividing jFðGÞj. Then P t G. By our assumptions, each proper subgroup of even order of G is a PH-group. Let H be a subgroup of P of order p. Then H is normal in M g for all g A G by Lemma 2.1. Hence, H is normal in G. Let P 1 A Syl p ðGÞ. Then H c ZðP 1 Þ, i.e., P 1 c C G ðHÞ c N G ðHÞ ¼ G. By the simplicity of G=FðGÞ, H lies in the center ZðGÞ. Consider the subgroup K ¼ TP, where T A Syl 2 ðGÞ. Applying Itó 's lemma [19, IV, 5 .5], we infer that K is p-nilpotent and so K is nilpotent. Hence We claim: k ¼ 2, i.e., X c P 2 . To prove this, suppose that k > 2. Consider the subgroups A ¼ Q k i¼2 P i and B ¼ Q r i¼k P i . We have M ¼ AB with X c B < M. Obviously, P 1 A and P 1 B are proper subgroups of G and hence are PH-groups by our assumptions. Therefore, X is an H-subgroup of B and A normalizes X by Lemma 2.7(ii). Consequently, Lemma 2.3 implies that X is an H-subgroup of G. This is a contradiction, thus k must equal 2.
Obviously, for each i A f3; . . . ; rg, P 1 P 2 P i are proper subgroups of even order of G and so P 1 P 2 P i are PH-groups by our assumptions. By Lemma 2.7(ii), X normalizes P i , i A f3; . . . ; rg. If X < P 2 , then D ¼ X Q r i¼3 P i is a proper subgroup of M and M ¼ P 2 D. Moreover, X is a Sylow p 2 -subgroup of D and so X is an H-subgroup of D. Since P 1 P 2 is a proper subgroup of even order of G, P 1 P 2 is a PH-group by our assumptions. By Lemma 2.1, P 2 normalizes X . So
and we get that X is an H-subgroup of M by Lemma 2.2, which is a contradiction.
We conclude that X ¼ P 2 , and it follows that X is a Sylow p 2 -subgroup of G and so X is an H-subgroup of G, a contradiction. Hence jpðGÞj c 3. r Theorem 4.8. If G is a non-PH-group of even order, all of whose proper subgroups of even order are PH-groups, then one of the following holds:
(ii) G ¼ TO 2 0 ðGÞ, where T is the Sylow 2-subgroups of G of order 2.
Proof. Assume that G is not a minimal non-PH-group. Then there is a maximal subgroup M of G that is not a PH-group. By our assumptions, M must be odd order and non-abelian. Furthermore, as G is solvable by Theorem 4.6, M is a Hall 2 0 -subgroup of G. By Lemma 2.14, we have (ii), as desired. r Theorem 4.9. Let G ¼ TP, where T is a subgroup of order 2 and P is a subgroup of order p n (p an odd prime). Assume that every proper subgroup of G of even order is a PH-group. Then one of the following holds:
(ii) P is a normal abelian subgroup of G.
Proof. Since T G Z 2 acts on P and on P ¼ P=FðPÞ, by the Fitting Lemma (see [16, Theorem 5.2 .3]) we have P ¼ ½P; T Â C P ðTÞ where T inverts ½P; T, and C P ðTÞ ¼ C P ðTÞ. Thus (assuming T acts non-trivially on P) there is a T-stable maximal subgroup M of P that contains C P ðTÞ. By induction applied to TM either TM ¼ T Â M or M is abelian (with T acting non-trivially on M). In the former case, it follows that M ¼ C P ðTÞ and P ¼ ½P; T Â M, contrary to Lemma 2.10. In the latter case, the Fitting decomposition applied now to M, together with Lemma 2.10, imply that C M ðTÞ ¼ 1. This proves C P ðTÞ ¼ 1, i.e., T acts fixed point freely on P, so P is abelian by Burnside's Lemma (Lemma 2.9). Now the proof is complete. r Remark 4.10. The idea of the result of Theorem 4.9 is attributed to [22] [23] and derived by Burnside's Lemma (Lemma 2.9).
5 p-nilpotent groups Theorem 5.1. Let p be a prime dividing the order of a group G and P is a Sylow p-subgroup of G. Then the following statement are equivalent:
(i) G is p-nilpotent;
(ii) N G ðPÞ is p-nilpotent and every member of some fixed M d ðPÞ is an H-subgroup of G.
Proof. We only prove that (ii) implies (i). Suppose that N G ðPÞ is p-nilpotent. (i) G is p-nilpotent;
(ii) Every member of MðPÞ is an H-subgroup of G;
(iii) Every member of some M d ðPÞ is an H-subgroup of G.
Proof. We prove only that (iii) implies (i). Suppose that this is false and let G be a counterexample of minimal order. Set M d ðPÞ ¼ fP 1 ; . . . ; P d g. By our assumptions, each P i is an H-subgroup of G. By Lemma 2.2, each P i is H-subgroup of N G ðPÞ. Hence if N G ðPÞ < G, then N G ðPÞ is p-nilpotent by induction and so G is p-nilpotent by Theorem 5.1. Therefore, P t G and every P i is subnormal in G. By Lemma 2.1, (i) G is supersolvable;
(ii) There exists a normal subgroup H of G such that G=H is supersolvable and for each Sylow subgroup P of H, every member in some M d ðPÞ is an H-subgroup of G.
